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We analyze a scheme for generating entanglement between two spinor Bose-Einstein condensates
(BECs). The BECs are off-resonantly coupled to a common photon mode and are controlled by
external lasers to induce a SzSz interaction, where Sz is the total spin of the BEC. We directly sim-
ulate the scheme numerically for small systems and show the performance of the scheme. The scaling
of the entanglement to large scale systems under realistic conditions of spontaneous emission and
cavity photon loss is analyzed. It is shown that both entanglement in the beyond-continuous vari-
ables regime can be generated, where the entanglement is of the order of the maximal entanglement
between the systems.
PACS numbers: 03.67.Lx,67.85.Hj,03.75.Gg
I. INTRODUCTION
Recently there has been a large amount of interest in
observing quantum mechanical phenomena on the macro-
scopic scale [1]. The interest comes from both a fun-
damental and technological perspective, to both under-
stand the quantum-to-classical transition [2] and develop
new approaches towards quantum information process-
ing [3]. The generation of entanglement is a key target
as it is an essential ingredient in many quantum infor-
mation protocols, allowing for tasks which are beyond
the possibility for a device based on classical physics [3].
In particular, entanglement has been generated between
macroscopic systems, such as atomic ensembles [4–6] and
superconducting systems [7, 8]. Hybrid systems inter-
facing two different types of systems involving macro-
scopic objects has also been successfully performed, such
as atomic ensembles and light [9], superconductors and
microwaves [10, 11], and atomic ensembles and supercon-
ductors [12]. Spinor Bose-Einstein condensates (BECs),
where the condensed atoms possess a spin degree of free-
dom, are potential candidates for the creation of non-
local entanglement. By virtue of the extremely low tem-
peratures that BECs are realized, they have been ob-
served to have extremely long coherence times to the or-
der of a second [13]. Recently entanglement between a
BEC and a single atom was recently demonstrated [14].
However, to date the entanglement of two BECs has not
been demonstrated.
The generation of entanglement between BECs is of
interest from several perspectives. Apart from the intrin-
sic fundamental interest, it allows for performing quan-
tum information processing based on spinor BECs. Re-
cently a novel scheme for performing quantum informa-
tion processing was introduced based on spin coherent
states [15]. Existing schemes using spin coherent states
are generally based on the continuous variables approxi-
mation, where the total spin is initially polarized in one
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FIG. 1. (Color online) Scheme for entanglement generation
between two spinor Bose-Einstein condensates (BECs). The
BECs are placed in an optical cavity, in the strong coupling
regime allowing for coherent transfer with coupling G between
a cavity photon and an optical transition between two internal
states (b1,2 ↔ e1,2) of the atoms. The BEC exists initially in
a spin coherent states between the ground states of the atoms
a1,2, b1,2. The two BEC entanglement is initiated with an laser
transition g detuned from the resonance by energy ∆l. The
cavities are also detuned from the excitation by an energy
∆c. The cavities are connected by an optical fiber forming a
common mode c.
direction (say Sx = N), then the other total spin vari-
ables are used as quasi-position and momentum variables
x ≈ Sy/
√
N, p ≈ Sz/
√
N with [x, p] = i. In contrast to
this approach, in Ref. [15], states that are beyond the
continuous variable approximation are used to encode
the quantum information. The basic idea is to encode
a qubit state α |0〉+ β |1〉 on the spin coherent state [16]
|α, β〉〉 ≡ 1√
N !
(αa† + βb†)N |0〉 (1)
where a† and b† are the creation operators of two spin
states of the BEC and obeying the commutation relations[
a, a†
]
=
[
b, b†
]
= 1. The number of atoms in the BEC is
N . The properties of entangling two spinor BECs under
a SzSz gate have been discussed in detail in Ref. [17]
2where it was shown that entanglement shows a “devil’s
crevasse” structure and the states should be robust even
in the presence of decoherence for sufficiently short gate
times. Using a combination of single spin gates such as
that realized by microwave pulses [18, 19] and SzSz gates
it is possible to perform several types of quantum algo-
rithms [15, 17].
Several schemes have been proposed to generate entan-
glement between two BECs. The first scheme for gener-
ating entanglement involves using state-dependent forces
for two BECs in close proximity [13]. In this scheme,
when state-dependent forces are applied to the BECs,
one of the spin components from each BEC overlaps in
real space. Due to the s-wave scattering between the over-
lapping atoms, this creates a SzSz interaction, where Sz
is the total spin in the z-component of the BEC. A second
scheme involves generating a geometric phase by apply-
ing a common laser mode to two BECs [20]. A detuned
laser induces an ac Stark shift to the BECs, producing
entanglement between the mode and the BECs. By dis-
placing the optical mode in a closed trajectory, the BECs
pick up an entangling phase, which can again be writ-
ten as an SzSz interaction. A third scheme, which will
be studied in detail in this paper, involves coherently
exchanging photons between the two BECs by placing
them in a cavity [21]. The strong coupling of BECs in
optical cavities was demonstrated in Ref. [22], thus is a
potentially experimentally viable method that has the
advantage of scalability to a large number BECs.
While Ref. [21] introduced the general theory for the
entanglement generation, the effective decoherence rates
were estimated based on simulations of subsystems of the
scheme, extrapolating this to the whole scheme. In order
to gauge the effectiveness of the scheme it is instructive
to perform a direct numerical simulation to first confirm
that the scheme indeed performs as predicted, and dis-
cuss shortcomings under realistic experimental parame-
ters. We find that the scheme works very effectively to
create entanglement for the short timescales Ωt ∼ 1/N ,
corresponding to the continuous variables regime. For in-
termediate timescales Ωt ∼ 1/√N , a more careful choice
of parameters is required in the presence of decoherence
effects. For longer times, Ωt ∼ 1, the scheme suffers
enhanced decoherence effects due to the appearance of
Schrodinger cat-like states. This is in agreement with the
prior analysis of [17] based on a generic dephasing deco-
herence.
This paper is organized as follows. In Sec. II we re-
view the scheme for entanglement generation using cavity
QED, and provide an alternate derivation of the effective
SzSz interaction. In Sec. III we discuss the numerical
approach that is performed in this study, and the quan-
tities examined. In Sec. IV the results of our simulations
are shown, showing entanglement generation in time, the
scaling of entanglement toward large-scale systems, and
partial Q-distributions. In Sec. V we estimate relevant
experimental parameters and summarize our findings in
Sec. VI.
II. ENTANGLEMENT GENERATION
We now give a brief description of the entangling
scheme. Our basic setup consists of two BECs placed
in an optical cavity as shown in Figure 1 [21, 23]. Here
ai, bi denote annihilation operators for bosons in the
ground state labeled by the two BECs i = 1, 2. For 87Rb
the two states would be typically the hyperfine states
|F = 1,mF = −1〉 and |F = 2,mF = 1〉 respectively
[13, 18, 19]. ei is an excited state which optically couples
to the bi state. Such cavities coupled to BECs have been
realized in atom chip systems where strong coupling has
been achieved [22]. The purpose of the cavity is to co-
herently convert an excitation ei into a cavity photon pi.
The cavities are coupled to each other via an optic fiber,
described by the Hamiltonian
Hf =ν(p
†
2p+ p
†p2 + p†p1 + p
†
1p)
+ ~ω(p†1p1 + p
†
2p2 + p
†p) (2)
where p is the mode within the fiber, ν is the coupling
between the cavity and the fiber, and ~ω is the energy of
the modes. Diagonalizing (2), an eigenstate with energy
~ω exists of the form c = (p1 − p2)/
√
2, which we use as
the common mode linking the two BECs [21]. Alterna-
tively, the BECs may be placed within the same optical
cavity, such that they access the same physical mode.
The basic concept of the scheme (see Fig. 1) is to create
an effective SzSz interaction by taking advantage of the
following fourth-order process 1) a photon is absorbed
by BEC 1 from the laser; 2) the photon is re-emitted
through the cavity mode; 3) the photon is absorbed by
BEC 2; 4) stimulated transition of the atom back to the
ground state by the laser.
The Hamiltonian coupling the BECs to the common
mode can be described [21]
Hc = ∆cc
†c+
∑
i=1,2
G(e†i bic+ b
†
ieic
†) (3)
where ∆c is the detuning between the cavity and the
b↔ e transition and G is the atom-cavity mode coupling.
In addition, we have a controllable laser field with the
Hamiltonian
Hl =
∑
i=1,2
g(e†ibi + b
†
iei) + ∆le
†
iei (4)
where ∆l is the detuning between the laser transition and
the b↔ e transition and g is the laser coupling.
The above Hamiltonian can lead to an entangling gate
as described in Ref. [21]. This can be seen by adiabatically
eliminating the photon mode c by setting dc
dt
= 0, then
eliminating the excited state ei by setting
dei
dt
= 0, giving
the effective Hamiltonian
Had = −2G
2g2
∆c∆2l
(b†1b1 + b
†
2b2)(b
†
1b1 + b
†
2b2)−
g2
∆l
(b†1b1 + b
†
2b2).
(5)
3The first term is a fourth order interaction which will give
rise to an effective interaction between the BECs. The
second term is the ac Stark shift term due to the laser
(4). This may be rewritten in terms of spin operators
Szi = a
†
iai− b†ibi assuming that the total number on each
BEC is fixed and equal N = a†iai + b
†
ibi as
Heff = ~ω(S
z
1 + S
z
2 )− ~Ω
[
Sz1S
z
2 +
(Sz1 )
2
2
+
(Sz2 )
2
2
]
(6)
where we have dropped constant terms and defined
~ω =
g2
2∆l
+
G2g2N
∆c∆2l
, (7)
~Ω =
G2g2
2∆c∆2l
. (8)
We thus see that in addition to a rotational term ω, there
is an entangling interaction Sz1S
z
2 that is produced by
the above Hamiltonian. The procedure also produces a
self-interaction Hamiltonian (Szi )
2 on each of the BECs,
which corresponds to a squeezing term [16, 19]. The
squeezing term is an unwanted by-product of the scheme
for our purposes, and is present in all schemes as listed
in the introduction [13, 20, 21]. Methods to remove the
squeezing term have been discussed in Ref. [20], where a
two-step process is used to first create the desired Sz1S
z
2
entanglement, then each BEC is squeezed in the reverse
direction to cancel off these effects.
III. NUMERICAL METHODS
To analyze the performance of the scheme, we consider
the following master equation taking in to account of
cavity loss and spontaneous emission
dρ
dt
=− i
~
[Hc +Hl, ρ] +
Γs
2
∑
i=1,2
(D[F−ai ]ρ+D[F−bi ]ρ)
+
Γc
2
D[c]ρ, (9)
whereD[oˆ]ρ ≡ 2oˆρoˆ†−oˆ†oˆρ−ρoˆoˆ†, F−ai ≡ a†iei, F−bi ≡ b†iei.
The first term describes the coherent dynamics of the
system, as discussed in the previous section. The second
term describes spontaneous emission, where we assume
that the excited state ei decays to both levels ai and bi at
the same rate Γs for simplicity. The third term describes
cavity decay due to leakage of the cavity photon through
the mirrors at a rate Γc.
The density matrix is expanded in the Fock basis of
the atoms and the photons
ρ =
∑
k1n1k2n2l
k′1n
′
1k
′
2n
′
2l
′
ρk1n1k2n2lk′1n′1k′2n′2l′ |k′1n′1k′2n′2l〉〈k1n1k2n2l|
(10)
where ki is the number of atoms in level bi, ni is the
number of atoms in level ei, and l is the number of pho-
tons in the cavity mode. The number of atoms in level ai
is N − ki − ni. To solve (9), we use the backwards Eu-
ler method to numerically evolve each matrix element in
time [24]. A cutoff is imposed on ni and l which is valid
under highly detuned conditions that we are interested
in. For all our calculations ni, l ∈ [0, 1] was sufficient to
maintain Trρ = 1 to a very good approximation through-
out the simulation.
For a given simulation time, we may estimate the
amount of entanglement generated by the scheme by cal-
culating the logarithmic negativity [25, 26]. Starting from
the expansion (10) we take the partial trace to obtain the
ground state density matrix
ρ˜ = Trn1n2l[ρ] =
∑
n1n2l
〈n1n2l|ρ|n1n2l〉. (11)
The entanglement between the two BECs may then be
calculated according to
E = log2||ρ˜T1 || = log2
∑
i
|λi| (12)
where ρT1 is the partial transpose with respect to k1 and
k′1 and λi are the eigenvalues of ρ˜
T1 . We normalize our
plots relative to the maximal entanglement possible be-
tween the two spinor BECs, given by the state
1√
N + 1
N∑
k=0
|k〉|k〉 (13)
which takes a value
Emax = log2(N + 1). (14)
This has the same value for both the logarithmic nega-
tivity and von Neumann entropy, valid for pure states.
IV. RESULTS
A. Entanglement generation
Figure 2 shows the entanglement as measured by the
logarithmic negativity (12) by numerically evolving (9)
from the initial condition ρ(t = 0) = |ψ(t = 0)〉〈ψ(t = 0)|
where
|ψ(t = 0)〉 = | 1√
2
,
1√
2
〉〉1| 1√
2
,
1√
2
〉〉2 (15)
As discussed in Ref. [17], for a SzSz interaction the maxi-
mal entanglement is generated for states starting in states
lying on the equator of the Bloch sphere. From the simu-
lations we can see that our protocol in all cases success-
fully creates entanglement between the two BECs, even
when taking in to account decoherence effects. A non-
zero value of the logarithmic negativity is sufficient to
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FIG. 2. (Color online) The entanglement generated by the
proposed scheme for (a) (b) N = 1 and (c) (d) N = 8.
Plots (a) (c) show the off-resonant case with ∆c/g = 10 and
∆l/g = 20 while plots (b) (d) show the resonant case with
∆c/g = ∆l/g = 10. In each plot the entanglement due to
a pure SzSz interaction (solid lines), the proposed scheme
with Γs = Γc = 0 (dashed lines), and the proposed scheme
with cavity decay ~Γc/g = 0.1 and spontaneous emission
~Γs/g = 0.01 are shown (dotted lines). G/g = 1 is used for all
cases and the timescale is measured in units of Ω = G
2g2
2~∆c∆
2
l
.
The timescale of the ideal SzSz interaction curves (solid lines)
have been adjusted to fit the shape of the simulated curves.
show that entanglement is present. A zero value of log-
arithmic negativity does not however necessarily mean
that entanglement is not present [26].
To confirm that our simulation correctly reproduces
known results, we first consider the N = 1 case corre-
sponding to a standard qubit. Setting N = 1 reduces
all spin operators to standard Pauli operators Sx,y,z →
σx,y,z, thus our scheme should produce a σzσz two qubit
interaction. To illustrate the performance of the protocol
under a variety of conditions, we consider two primary
cases of where the intermediate states are off-resonant
(∆c 6= ∆l) and resonant (∆c = ∆l). Figure 2(a)(b) shows
our results these cases respectively. We see that without
spontaneous emission and cavity decay the entanglement
agrees well with the ideal σzσz curve, reaching the max-
imally entangled state halfway through the entangling
operation. Both the off-resonant and resonant cases pro-
duces nearly identical results in terms of the entangle-
ment generated. We note that the entanglement curves
can be made to approach to ideal cases simply by increas-
ing the detuning ∆c,l/g to larger values. The discrepancy
in the zero decoherence cases to the ideal curves may be
attributed to an effective decoherence from tracing out
the excited and photonic degrees of freedom, which be-
come populated as a result of the protocol. For cases
including spontaneous decay and cavity photon loss, the
entanglement generated is reduced as expected. Our cho-
sen parameters for the spontaneous emission follow the
typical experimental parameters (see Sec. V) as set by
the cavity as realized in Ref. [22]. These effects may also
be reduced by increasing the detuning, at the expense of
producing a slower entangling times according to (8).
We now turn to the N > 1 case, as shown in Fig.
2(c)(d). Due to the exponential growth of the Hilbert
space with N , we are restricted in our numerical simu-
lations to relatively small boson numbers N ≤ 8. Nev-
ertheless, our numerical results confirm the expected be-
havior of the protocol. As discussed in detail in Refs.
[17, 27], an SzSz gate creates a characteristic “devil’s
crevasse” structure in the entanglement as shown by the
solid curves in Figs. 2(c)(d). Dips in the entanglement
originate from resonances in the arrangement of spin co-
herent states, occurring at times that are a rational mul-
tiple of the characteristic timescale. The overall timescale
in all cases match to reasonable accuracy returning to an
unentangled state at Ωt ≈ π/2. The number of these
dips increase with N , although many of these are seen
already in the N = 8 simulations shown. The amount of
entanglement created by the SzSz interaction does not
reach the maximal entanglement E = Emax, as a S
zSz in-
teraction never creates the state (13) but asymptotically
approaches E = Emax/2 for large N [17]. For our chosen
parameters, the protocol generally gives a similar form
to the ideal SzSz curve, but with a reduced amount of
entanglement. Most of the discrepancy occurs away from
the dips in the entanglement, with some of the values in
the entanglement agreeing very well in the dipped points.
We speculate that this may occur due to the effective de-
coherence being of a Sz-dephasing form, which produces
a similar type reduction in entanglement as seen in Ref.
[17].
When spontaneous decay and cavity loss are included
the entanglement drops significantly, more than that seen
in the N = 1 case. We attribute this to the sensitive-
ness of the created states to the effective decoherence cre-
ated by spontaneous decay and cavity loss. In Ref. [17],
it was shown that a Sx-dephasing strongly suppresses
the formation of states beyond times Ωt & 1/
√
N as
Schrodinger cat-like states are created for these times.
However, for relatively short timescales such as Ωt ≤
1/
√
N it is possible for stable entanglement to be gener-
5ated. We thus expect that in a realistic situation only
these short timescale gates are producible reliably. In
terms of the production of macroscopic entanglement,
at times Ωt = 1/
√
2N it was shown in Ref. [17] that
E ∼ Emax/2 can be created formed. We analyze the sta-
bility of these states in the next subsection.
B. Scaling of entanglement towards large boson
number N
For macroscopic objects it is generally expected that
quantum effects, including entanglement, are difficult to
observe due to the fast decoherence which sets in for
large particle number N . However, it is known that un-
der certain circumstances quantum effects may survive
in macroscopic objects. For example, experiments such
as that performed in Refs. [4–6] entanglement between
macroscopic ensembles of atoms are created and used
to realize teleportation. This apparent disparity is re-
solved by noting that decoherence inherently depends on
the type of state that one starts with. For example, a
Schrodinger cat state, which in our system would take
the form
1√
2
(
| 1√
2
,
1√
2
〉〉+ | 1√
2
,
1√
2
〉〉
)
(16)
decoheres at a timescale proportional to ∼ 1ΓN2 , while a
spin coherent state |α, β〉〉 decoheres at a timescale ∼ 1Γ
[15]. This state-dependency of the decoherence means
that for various types of entangled state, it is important
to compare states of the same type, in order to under-
stand whether a given state will survive in the macro-
scopic limit.
For the SzSz interaction that our protocol aims to
produce, there are several characteristic types of state
that are of particular interest. The first type of state
corresponds to evolution times Ωt = pi4N . As discussed
in Refs. [15, 17], these entangling times are required for
the spin coherent state analogue of the CNOT gate, and
the amount of entanglement generated is comparable to
a single qubit with E ∼ O(1). In terms of the “devil’s
crevasse” entanglement curve in Fig. 2(c)(d), this corre-
sponds to very early times in the evolution, at the base
of the initial turn-on of the entanglement. Gate times of
the order Ωt ∼ 1/N only cause a small redistribution of
the spin coherent states around the Bloch sphere, thus are
still within the continuous variable approximation. In the
presence of dephasing, such states are rather robust and
are expected to survive in the macroscopic limit N →∞
[17]. The second characteristic state occurs for evolution
times Ωt ∼ 1√
N
. At these timescales, the spin coherent
states are distributed evenly around the equator of the
Bloch sphere, each entangled with a Sz eigenstate on the
other BEC. The amount of entanglement generated at
these times is of the order of the maximal entanglement
between the BECs, in the sense that E ∼ O(Emax). In
the presence of decoherence, these states decay with a
power law with N , thus under suitable conditions can
be observable for large scale systems [17]. For timescales
Ωt > 1√
N
, very fragile Schrodinger cat-like states are
generated, which exponentially decay in the presence of
decoherence [17]. For a more detailed description of the
types of states that are created, we refer the reader to
Ref. [17], in which we investigate the effects of dephasing
on the entanglement generated by a pure SzSz interac-
tion. We summarize the general behavior according to
E(Γ)
E(Γ = 0)
=


const. Ωt ∼ 1/N
N−γ Ωt ∼ 1/
√
N
e−N
2
Ωt ∼ O(1)
(17)
where γ is a parameter such that 0 < γ < 1. Therefore
under realistic conditions we expect that only states Ωt ≤
1√
N
are observable for large systems. Even for the rela-
tively small systems simulated in this paper, the results
of Fig. 2(c)(d) confirm this expectation, where the entan-
glement quickly decays to zero for these timescales. For
these reasons henceforth we examine the two timescales
Ωt = pi4N ,
1√
N
.
Figure 3 shows the entanglement scaling for the differ-
ence δE for the time Ωt = 1√
N
. We plot the difference δE
between the normalized entanglement E/Emax generated
by an ideal SzSz interaction and the proposed scheme
as a measure of how well the entanglement survives in
the macroscopic limit 1/N → 0. Looking at the case of
constant detuning ∆l/g = 15 (Fig. 3(a)), we see poor
scaling behavior in both the decoherence free case and
including spontaneous emission and cavity decay, which
may suggest that the protocol fails for large systems. The
reason for this failure can be attributed to the effective
decoherence due to spontaneous decay being enhanced
due to the atom number N . As discussed in Ref. [21], the
spontaneous decay creates a decoherence at the effective
rate
Γeffs =
Γsg
2N
∆2l
. (18)
We may thus compensate for the enhanced spontaneous
emission by choosing increasingly large detunings as N is
increased. This suggests that a suitable strategy may be
to choose the detuning ∆l ∝
√
N such as to cancel the N
dependence in (18). For comparison we also try the more
aggressive detuning strategy ∆l ∝ N .
Using the scaling detunings, we now see that δE be-
haves more favorably in both the cases with and with-
out decoherence as N is increased (Fig. 3). These results
would suggest that in order to generate states of the type
Ωt = 1√
N
it is important to choose a detuning that is suf-
ficiently large to overcome the spontaneous decay effects,
which have a stronger effect to destroy this class of state.
We note that for the dephasing case previously studied
in Ref. [17], it was found that the entanglement should
scale as a power law for Ωt = 1√
N
, thus although no en-
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FIG. 3. (Color online) Entanglement at the time Ωt = 1√
2N
for various boson numbers N . δE is the difference between
the ideal entanglement generated by a pure SzSz interaction
and the proposed scheme. Once again, each plot shows the
scaling of three different possible detunings: ∆l/g = 15 (dia-
monds), ∆l/g = 15
√
N (squares), and ∆l/g = 5N (triangles).
The proposed scheme with Γs = Γc = 0 (a) and the proposed
scheme with cavity decay ~Γc/g = 0.1 and spontaneous emis-
sion ~Γs/g = 0.01 are shown (b). G/g = 1, ∆c/g = 2 is used
for all cases.
tanglement survives in the limit of N →∞, for large but
finite systems some entanglement can survive.
Figure 4 shows the scaling of the entanglement with
boson number N at the time Ωt = pi4N . We see that
states created around this characteristic time show good
scaling with increasing N , becoming increasingly closer
to the pure interaction. The cases including spontaneous
decay and cavity photon loss show a strong improvement
as the system size is increased. This can be attributed
to the shorter physical gate times Ωt = pi4N as the N is
increased. The shorter times that the system are evolved
mean that there is less time for spontaneous decay and
cavity photon loss to occur, which improve the perfor-
mance of the scheme. The same general behavior was
seen in the scaling in Ref. [17] for an SzSz interaction
in the presence of dephasing. These calculations suggest
that states with Ωt = pi4N should be able to be robustly
created for macroscopic systems.
C. Partial Q-distributions
To visualize the states that are generated by the cur-
rent protocol, it is instructive to plot the Q-distribution
to show the distribution of the states on the Bloch sphere
[16]. For an ideal SzSz interaction, the state that is gen-
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FIG. 4. (Color online) Entanglement at the time Ωt = pi
4N
for various boson numbers N . δE is the difference between
the ideal entanglement generated by a pure SzSz interaction
and the proposed scheme. Each plot shows the scaling of three
different possible detunings: ∆l = 15 (diamonds), ∆l = 15
√
N
(squares), and ∆l = 5N (triangles). The proposed scheme
with Γs = Γc = 0 (a) and the proposed scheme with cavity
decay ~Γc/g = 0.1 and spontaneous emission ~Γs/g = 0.01
are shown (b). G/g = 1, ∆c/g = 2 is used for all cases.
erated is written [17]
e−iΩS
z
1S
z
2 t| 1√
2
,
1√
2
〉〉1| 1√
2
,
1√
2
〉〉2
=
1√
2N
∑
k
√(
N
k
)
|e
i(N−2k)Ωt
√
2
,
e−i(N−2k)Ωt√
2
〉〉1|k〉2.
(19)
As discussed in detail in Ref. [17], we may understand
this state as an entangled state between number states
on BEC 2 and spin coherent states distributed at various
locations on the equator of the Bloch sphere on BEC 1.
We note that there is no asymmetry between BECs 1 and
2 as the above expression may be rewritten by expanding
BEC 1 in the number basis and leaving BEC 2 in the spin
coherent state basis. We may create visualizations of the
state by projecting the entangled state on number states
of BEC 2, then calculating the partial Q-distributions for
BEC 1 defined as
Qk2(α, β) =
N + 1
4π
〈〈α, β|〈k2|ρ˜|k2〉|α, β〉〉. (20)
Due to the projection on the |k2〉 basis, the integral of
the distributions (20) are no longer normalized to unity.
The integrated distribution gives the probability of the
particular |k2〉-coherent state pairing, which depends on
the amplitude of the term in (19).
Figure 5 shows the partial Q-distributions for a state
generated using the off-resonant scheme for the state
Ωt = 1/
√
2N . As expected, we see that for various k2
7projections, the states on BEC 1 are distributed at var-
ious positions on the equator of the Bloch sphere, in
accordance with (19). One difference to (19) is that in-
stead of spin coherent states on BEC 1, which would
appear as symmetric Gaussian distributions for the Q-
distribution, we have diagonally squeezed states. This
may be attributed to the self-interaction term (Sz1 )
2 that
are present in (6) which produce a squeezing of the dis-
tribution [16, 19]. If one wishes to generate a pure SzSz
interaction, it is necessary to cancel the squeezing terms
in the Hamiltonian, which may be achieved by methods
such as that discussed in Refs. [21], where the detuning
is reversed to produced a flip in the sign of the effective
interaction (8).
Figure 6 shows the partial Q-distributions using the
resonant scheme for the same time. The plots show the
Gaussian distributions distributed at various equatorial
positions displaying the expected SzSz correlations. Each
of the distributions show unexpectedly far less squeezing
in comparison to Fig. 5. This may be explained by the
presence of spurious anti-squeezing terms introduced by
the ni ∈ [0, 1] cutoff imposed in the simulations. For a
state with ki atoms in level bi, the The Hamiltonian (4)
produces an ac Stark shift that can be written exactly
δǫ =
ki
2
(∆l −
√
∆2l + 4g
2). (21)
This may be written in terms of spin operators as
Hac =
1
4
(
√
∆2l + 4g
2 −∆l)(Sz1 + Sz2 ) (22)
where we have dropped constant terms. Assuming ∆l ≫
g we obtain the first term in (7). While it is clear from
(22) that no squeezing should result from (4), the trun-
cation introduced in the simulation artificially introduces
this. Assuming a maximum of one excited state in ei, the
Hamiltonian (4) becomes
Hl ≈
(
0 g
√
ki
g
√
ki ∆l
)
. (23)
The ground state correction is then
δǫspurious =
1
2
(∆l −
√
∆2l + 4g
2ki). (24)
which on expanding the square root apparently produces
an effective Hamiltonian
Hspurious =
g2
2∆l
(Sz1 + S
z
2 ) +
g4
4∆3l
((Sz1 )
2 + (Sz2 )
2) + . . . .
(25)
While the ac Stark shift is correctly predicted in the first
term of (25), a spurious spin squeezing term is created
due to the truncation. For the parameters chosen in Fig.
6 this numerically cancels the squeezing terms in (6).
For the parameters chosen in Fig. 5, the squeezing terms
in (6) are much larger than the spurious anti-squeezing
terms, hence we expect that the realistic distributions
will more resemble those shown in Fig. 5.
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FIG. 5. (Color online) A plot of the partial Q-distribution of
BEC 1 at time Ωt = 1/
√
2N . Figures show (20) with projec-
tions on BEC 2 for the k2 values shown. Parameters used are
∆c/g = 2, ∆l/g = 20, G/g = 1, N = 8.
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FIG. 6. (Color online) A plot of the partial Q-distribution of
BEC 1 at time Ωt = 1/
√
2N . Figures show (20) with projec-
tions on BEC 2 for the k2 values shown. Parameters used are
∆c/g = ∆l/g = 10, G/g = 1, N = 8.
V. ESTIMATED EXPERIMENTAL
PARAMETERS
We now estimate the physical gate times that are ex-
pected for the proposed scheme. Using numbers given
in Ref. [22], we have G/~ = 2π × 215MHz,Γs = 2π ×
3MHz,Γc = 2π× 53MHz. We assume that the BEC par-
ticle number is N = 103 and g = G. As discussed above,
it is important to scale the detunings with the parti-
cle number in order to suppress decoherence induced by
the spontaneous emission and the cavity decay. Choosing
∆c = 2g and ∆l = 15
√
Ng, the physical time required to
8generate a Ωt = pi4N state is
t =
π
4NΩ
= 520ns (26)
For the Ωt = 1√
2N
state, the physical gate time using the
same parameters is
t =
1√
2NΩ
= 15µs. (27)
These should be compared to the effective decoherence
time due to spontaneous emission (18) giving 1/Γeffs =
12µs. The effective decoherence due to cavity loss is [21]
Γeffc =
Γcg
2
∆2l
(28)
which gives a value 1/Γeffc = 680µs. The above parameters
show that generating a Ωt = pi4N state should be well
within the capabilities of current technology. The Ωt =
1√
2N
state is more challenging but still is within the scope
of realizability.
VI. SUMMARY AND CONCLUSIONS
We have studied a protocol to produce SzSz inter-
actions between two spinor BECs based on the coher-
ent exchange of cavity photons between two BECs. Our
numerical simulations show that entanglement between
the BECs can be created under realistic conditions in-
cluding spontaneous emission and cavity decay. Various
types of states classified according to the dimensionless
entangling time Ωt have different levels of stability with
respect to spontaneous emission and cavity decay. States
with Ωt = pi4N are rather robust and have a favorable
scaling for large scale systems, with moderate detunings.
States with Ωt = 1√
2N
require larger detunings to coun-
teract the effects of spontaneous decay in particular, and
require detunings that scale with the boson number. For
states with Ωt & 1√
N
, the SzSz interaction produces
Schrodinger cat-like states hence are rather fragile in the
presence of decoherence. We thus expect that our scheme
will work for the production of states with entangling
times Ωt . 1√
2N
, but will be difficult for states beyond
these times. Fortunately, for quantum information appli-
cations such as that discussed in Refs. [15, 28] only short
timescale gates with Ωt ≤ 1√
2N
are necessary, hence our
scheme should be suitable for such applications.
Analysis of the generated entangled states by the par-
tial Q-distribution show the expected behavior, with
an additional spin squeezing term due to (Sz)2 self-
interactions. One of the advantages of the current ap-
proach is in its scalability, where potentially many BECs
can be entangled with each other. The use of photons al-
low for long-distance entanglement to be produced, which
can be scaled up to a quantum network [21]. Meanwhile
the use of BECs allow for rather stable quantum memory
elements, owing to their long coherence times.
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